The bound-electronic optical nonlinearities in highly excited semiconductors (i.e., semiconductor lasers) have been calculated using a two-parabolic-band model. The nonlinear absorption spectrum is first obtained using a dressed-state formalism taking into account the contributions from two-photon absorption, electronic Raman, and optical Stark effects. The nonlinear refractive index ( n 2 ) is then found by performing a Kramers-Kronig transformation on the nonlinear absorption spectrum. It is also shown that the quadratic Stark splitting of the bands leads to a shift in the quasi-Fermi levels, which introduces additional absorptive and refractive nonlinearities. The sign, magnitude, and the current-density dependence of the calculated n 2 agree well with some recently published experimental results for Al-Ga-As and In-Ga-As-P diode lasers.
I. INTRODUCTION
Ultrafast, large nonlinear refraction in semiconductor diode lasers at wavelengths near their transparency point has been recently reported. 1 -4 Measurements of the dynamics of such nonlinearities have revealed interesting transient effects indicative of various electronic scattering mechanisms. 1 -6 The magnitude and ultrafast nature of the observed nonlinear refraction at the transparency point of diode lasers have made them viable candidates for all-optical-switching (AOS) devices.
For bulk semiconductor devices, recent theoretical and experimental studies of nonlinearities in the transparency regime (~ <E 8 ) have indicted that at photon energies above half the band gap (~>E 8 /2) parasitic losses due to two-photon absorption (2P A) hinder the effectiveness of these materials for AOS applications. 7 • 8 The theory predicts that, as ~---.E 8 , n 2 is resonantly enhanced but 2P A remains relatively constant leading to favorable conditions for low-power AOS. 8 In practice, however, the presence of linear loss due to band-tail absorption and the consequent band-filling effects rule out near-resonant AOS operation in passive materials. Recent experiments 1 -4 suggest that a possible solution to this problem is to suppress the linear absorption by injecting a nonequilibrium electron-hole population and operating in the spectral region where the net absorption is negligible, i.e., the transparency point. In this paper, we will examine ultrafast bound-electronic nonlinearities in semiconductors in the presence of a nonequilibrium plasma using a simple two-band model. The injection of a high electronhole density, however, is accompanied by additional dynamics arising from large intraband (free-carrier absorption) as well as interband transitions. The dynamics of such real excitations have been recently studied in detail elsewhere. s With ultrashort pulses ( ~ < 100 fs), additional dynamics due to spectral hole burning have been observed. 6 Effects of spectral hole burning are still 0163-1829/94/50(19)/14171(8)/$06.00 50 present around the transparency point, even though no or little net exchange of electron-hole population between the conduction and valence bands occurs. In a timeresolved experiment, one may distinguish the real excitation processes from the ultrafast virtual excitations by recognizing the much longer energy relaxation times associated with the real excitation. The characteristic energy relaxation times are ~ 1-2 ps for intra band and ~ 100 ps-100 ns for interband transitions. 9 It should be noted, however, that spectral hole burning has a lifetime of the order of 100 fs and may behave similarly to the boundelectronic nonlinearity, making experimental interpretation more complicated. 6 The purpose of this paper is to analyze boundelectronic contributions to the nonlinear processes while ignoring real excitation effects. This work complements studies of the real excitation (carrier) nonlinearities. 6 We study virtual processes using a simple two-parabolic-band (TPB) model for semiconductors under nonequilibrium population conditions while assuming a cw (adiabatic) perturbation by the optical fields. The formalism used here is an extension of our earlier model, 8 which successfully described the dispersion and band-gap scaling of the electronic n 2 in passive semiconductors in their transparency range.
We use a nonlinear Kramers-Kronig transformation 8 • 10 to obtain the nonlinear refractive index n 2 from the calculated first-order nonlinear absorption coefficient a 2 : (1) where a 2 is defined as lia/1 with lia((l);(l)') representing any change in the absorption coefficient at (l)' induced by the presence of an excitation at (l) with irradiance I. Our task is to calculate this change in the absorption spectrum caused by virtual excitation at (l Fig. 1 (a) for a passive material with excitation in the transparency region ( flw < Eg ). A similar physical description can be given for a system having a quasiequilibrium electron-hole population (i.e., with gain), and above-resonance excitation ( flw > Eg ). This is illustrated in Fig. l(b) for a simple two-band system. In this case there are spectral regions where the probe will experience a two-photon and/or Raman gain rather than absorption. The quadratic optical Stark effect (QSE) as qualitatively depicted in Fig. l(b) exhibits a particularly interesting behavior. The existence of above-band-gap excitation results in the formation of additional energy gaps (light-induced gaps 11 ) in both the valence and conduction bands. We will show later that this effect may redshift the transparency point once the quasiequilibrium is reestablished. A dynamic shift of the transparency point, and, in general, any above-band-gap excitation, can lead to additional real excitation processes that, as discussed earlier, are distinguished from ultrafast virtual processes by their longer recovery times. 1 In modeling described in the following section, we separate the virtual processes by considering only coupling between those states whose virtual carrier lifetime (inverse detuning) is shorter than the phenomenological dephasing time ( T 2 ). It must be emphasized that this simple model aims at explaining the observed bound-electronic nonlinearities at or near transparency where the effects of real excitation (or deexcitation) are negligible. A detailed understanding of the dynamics of the optical nonlinearities, particularly at spectral regions where the optical field experiences strong absorption or gain, requires more rigorous time-evolution analysis containing Bloch equations.
II. NONLINEAR ABSORPTION SPECTRUM
A detailed description of the TPB theory of nonlinear absorption and n 2 in the transparency region has been given in Refs. 8 and 12. A succinct review of this theory follows. The optical interaction is via the ( e /c) A ·p Hamiltonian where a= A 0 cos(w'-r)+ Aocos(w-r)
represents the total vector potential and p=iliV denotes the momentum operator. The nonlinear interaction is formulated in two steps. In the first step the optical fields alter the energy of the electrons in both initial and final states by virtue of the linear and quadratic Stark effects. In the second step, the transition rate between these "dressed" states (bands) is calculated using first-order perturbation theory. The linear and quadratic Stark effects are incorporated into the band states via their energies given by
where k is the electronic wave vector, E~v is the unperturbed energy of the valence ( v) or conduction (c) band, and mc,v denotes the effective mass of the corresponding band. The first correction term in energy is time dependent and corresponds to the linear optical Stark effect (LSE). This is a time-varying (oscillating) energy term and leads to absorptive changes that involve the loss or emission of the excitation photons, i.e., 2PA and Raman effects. 8 • 12 The second term is the QSE energy shift that is positive for the conduction band and negative for the valence band. We assume, for simplicity, two parabolic bands with equal curvature; thus mc=mv=m 0 Eg1Ep, where m 0 is the free-electron mass and EP is the Kane energy which is nearly constant (""'20 eV) for most semiconductors. 13 It is important to keep in mind that the field at w is assumed to be the strong excitation field while the probe at w' is regarded as weak. Hence we consider dE2~E due to excitation by the field Ao only: 8
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where Ecv(k) is the valence-to conduction-band energy difference with parabolic dispersion and Pcv is the interband momentum matrix element. Because of onresonance excitation imposed by the condition liw > Eg,
we have included a broadening term associated with scattering frequency r= 1/T 2 , where T 2 is the phenomenological dephasing time of the electrons (or holes). By this definition, the combined electron-hole scattering rate, associated with the interband transition, is 2r. The inclusion of T 2 implies that only excitations into k states with an inverse detuning <lw-Ecv/lil-1 ) shorter than T 2 are accounted for, and real excitations that lead to longlived carrier effects are excluded. We assume a constant-T 2 approximation and ignore the energy or detuning dependence of this quantity. 14 The influence of broadening on the first-order energy shift in Eq. (2) can be approximated using the classical transformation of the vector potential from A( t) into A( t)-r I; A(t +-r)e-r'"d-r under a momentum relaxation rate of r.
Strictly speaking, formulating the scattering effects in the above manner implies a steady-state situation. Thus we cannot accurately analyze but only speculate about the transient effects occurring within the time T 2 • The second step in the interaction is to calculate the transition rate between the two dressed states using firstorder perturbation theory. Separating out the components that vary linearly with the excitation irradiance and involve the absorption or emission of a single photon of the probe (lito'), we obtain the nondegenerate absorption coefficient (4) where K=2 9 1Te 4 /5c 2 Vm 0 and n 0 i (j=1,2) are the linear refractive indices at the probe and excitation wavelengths, respectively. 8 The function F 2 contains information about the optically coupled states as well as the gain/loss characteristic of the system and is given by TABLE I. The nonlinear absorption spectrum function F 2. The terms ( · · · ) 312 and ( · · · )'f 112 are zero when their argument is negative. The sign of the Raman term is determined by the sign of 
where lfv-fc} is the occupancy factor with fc,v denoting the quasiequilbrium Fermi-Dirac distribution functions for conduction and valence bands, respectively. The spectral function F~ contains the contributions from 2P A, electronic Raman, and optical Stark effects. This function, which is essentially an energy-broadened version of the function F 2 derived in Ref. 12 , is given in Table I . Assuming equal quasi-Fermi levels for the electrons and holes, we write the occupancy factor as (6) with m = 1, -1,0 corresponding to 2PA, Raman, and optical Stark effects, respectively. Tis the carrier temperature and k 0 is the Boltzman constant. The quasi-Fermi level EQF is referenced to the midgap (Eg/2) energy, i.e., EQF ""'0 for an intrinsic, passive material. We define the transparency point to occur at liw,r=2EQF for a system with gain (EQF > 0. 5Eg ). After normalizing all the energy parameters with respect to Eg, we can rewrite vm as Fig. 2(a) ]. On the other hand, the QSE contribution is more localized in energy since the optical field induces a gap that alters the density of states only in the vicinity of the excitation photon energy mo. An important consequence of this induced change in the density of states is the self-adjustment of the quasi-Fermi levels (on a time scale of carrier-carrier scattering times) in order to conserve the total carrier density. This leads to an additional contribution to a 2 and hence alters the total absorption spectrum as shown by the dashed lines in Figs. 2(a) and 2(b) . In the following section we give a simple derivation of this quasi-Fermi energy shift and the resultant change of absorption.
III. STARK SHIFf OF THE QUASI-FERMI LEVELS
A consequence of the modulation of the band curvature due to the QSE, as given by Eq. (2), is the change of the local density of states. For example, as was shown diagrammatically in Fig. 1 , this effect reduces the density of states in the center of the induced gap but increases it above and below center. To illustrate this effect, we calculate the density of states
for each band using the band energy dispersions given by Eqs. (2) and (3). Figure 3 shows the calculated N,(E) in the presence of the QSE a~ompared to the well-known square-root dependence ( E -Eg) of a nonperturbed band. The perturbing field used to calculate Nc(E) in Fig.  3 was chosen to be large enough to overemphasize the induced change. As we shall see, this modulation in the density of states significantly alters the quasi-Fermi levels only when the excitation is very near the transparency point which is precisely the situation we are most concerned with in this paper. The shift in E QF can be viewed as a process to ensure the conservation of the total carrier density in the absence of a net population exchange. This adjustment is not instantaneous and has a characteristic time determined by the carrier-carrier scattering time (Te-e""' 100 fs), 15 after which the Fermi distribution is reestablished. The energy shift ( !J..E QF ) can be obtained from the Fermi integral for the total electron (or hole) density:
where Ec is given by Eq. (2) and j(E)=( 1 +e -EikBT)-1 is the Fermi distribution function. Using a variational procedure, we solve Eq. (8) for !J..EQF to first order in the excitation irradiance I and obtain
where B =2 10 rre 2 fz 2 !5m 0 c and T(x 2 ), which contains the spectral dependence of this energy shift, is given by
Here p~SE corresponds to the broadened QSE spectral function given in Table I . It is worth noting that, just as the absorption change due to the QSE is the virtual analog of spectral hole burning (band blocking), the consequent shift of the quasi-Fermi levels is effectively a virtual analog to a similar effect arising from carrier heating that follows the hole-burning process. Thus one may regard the shift ofthe quasi-Fermi levels as given by Eq. (10) as a "virtual carrier heating" effect. Figure 4 shows T ( x 2 ) calculated as a function of the excitation photon energy fzw!Eg assuming quasi-Fermi levels corresponding to IWJtriEg = 1.03 and 1.05. Note that the general features of T(x 2 ) do not strongly depend on the initial E QF although the shift at the transparency point i~ smaller with a larger initial EQF· It is evident from Ftg. 4 that EQF• and hence the transparency point, is blueshifted for below and around transparency excitation, but as IWJ exceeds fiwtr• the sign of !J..E QF ultimately reverses, resulting in a redshift of the transparency point. Of practical importance is the situation when excitation is at the transparency point. According to Fig. 4 , there is a blueshift of EQF which results in a net decrease of the absorption coefficient, since IWJ now overlaps the gain region. The effective a 2 coefficient associated with this energy shift is found to be 
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T' n0 y EP (12) The total change in the absorption spectrum due to the QSE is depicted in Fig. 2 (a) (dashed line) as the sum of a~F and a~SE from Eq. (4). The overall a 2 (assuming quasiequilibrium has been reestablished) is shown in Fig.  2 (b) (dashed line) and can be represented by the same relation as in Eq. (4) provided that we modify the p~sE in Table I to become
Although the nonlinear response dynamics of such a system requires a more rigorous time-domain analysis (i.e., Bloch equations), we will attempt to infer a qualitative picture for the nonlinear absorption dynamics from the approach presented here. We may conclude from Fig.  2 (b) that a probe beam having the same wavelength as the pump will undergo an initial decrease in the transmission due to two-photon absorption. For laser pulses containing many optical cycles, this will appear instantaneous. This will be followed after a time T""'Te-e by an increase of transmission due to the QSE and subsequent blueshift of the quasi-Fermi levels. Although this qualitative description is consistent with certain experimentally observed ultrafast gain dynamics, 2 one cannot generally ignore the real excitation effects such as carrier heating and spectra hole burning in analyzing the experimental data. For example, carrier heating arising from free-carrier absorption (with a rise time comparable to that of the quasi-Fermi-level shift) would tend to redshift the transparency point, thus opposing the effects of the QSE. 2 -5 IV. NONLINEAR REFRACI'ION Following Eq. (1), the induced change in the refractive index is now obtained using the Kramers-Kronig (KK) transformation of the calculated nondegenerate Aa spectrum. Similar to the case of passive materials, 8 we derive the following formula for the nonlinear index n 2 :
where K'=fu:K /2 and G 2 is the dispersion function ofn 2 related to F 2 via the KK integral. Specifically,
It is important to note that just as F 2 is a function of temperature (k 0 T!Eg) and broadening (fz/T 2 Eg), as well as optical frequencies, G 2 will also contain such dependences. This is in contrast to the case of passive materials (at fiw<Eg) where F 2 and G 2 were only functions of frequencies. 8 Since the KK integral represents essentially a linear transformation, the G 2 function corresponding to each of the mechanisms involved in the absorptive process can be separately evaluated by using the relevant F 2 function in Eq. (14) . Figure 5 depicts the calculated G 2 functions corresponding to the different absorptive contributions in Fig. 2 at a transparency point of xtr = 1.03. Note that the magnitude of G 2 due to the QSE is small initially (solid line) before allowing for the shift in the quasi-Fermi levels. This means that n 2 is initially dominated by twophoton effects (2PA + Raman). Figure 6 shows the total G 2 function for various quasi-Fermi levels corresponding to different injection current levels in a diode laser, with the transparency points indicated. The dispersion curves in Fig. 6 contain the total contributions from 2P A, Raman, and the QSE (including the quasi-Fermi-level shift), and all have a negative sign at the transparency point. For the remainder of the paper, we will refer to G 2 as the total contribution, accounting for the shift in the quasiFermi levels.
Also evident from Fig. 6 is the moderate increase in magnitude of n 2 at the transparency point as the EQF is raised, i.e., injection current is increased. This dependence is explicitly illustrated in Fig. 7 where the variation In calculating the dispersion curves of Fig. 2 , we assumed 17=0.02 [defined in Eq. (7)] for the carrier temperature and y=0.02 [defined after Eq. (5)] for the broadening. This corresponds to T 2 """ 130 fs and T""'350 K for a semiconductor with Eg""" l. 5 eV (e.g., GaAs). The value of I G 2 1 at the transparency point increases as these two parameters are reduced, i.e., n 2 is enhanced as the ambient temperature is lowered and/or T 2 is increased. The temperature dependence of G 2 at transparency, calculated for different values of broadening ( y ) is shown in Fig.  8 . The nature and magnitude of T 2 in semiconductors has been subject to much debate and study in the past. The dephasing time arising from carrier-carrier scattering was recently calculated by Binder et al. for highly excited (degenerate) semiconductors. 15 Their results indicated a minimum in the electron-electron scattering rate fork states near the quasi-Fermi wave number, leading to a large T 2 at the transparency point. A qualitative experimental verification of this theory was reported recently. 17 The experiments also showed, in accordance with theory, a much reduced scattering rate at lower temperatures. 15 · 17 For example, the calculated T 2 for electrons in GaAs at a high plasma density varies from """100 fs to served in laser diodes at low temperatures.
For passive bulk semiconductors, the constant K' was evaluated in Refs. 8 and 12 to be ""'6 [units of Eq. (13)]. However, this underestimated by a factor of ""'4 the n 2 for AlxGa 1 _xAs samples at wavelengths very near the band edge. 18 In Ref. 12 , we suggested that this discrepancy may be partially attributed to the electronhole Coulomb interaction which has been neglected in the theory. Similarly to the procedure outlined in Ref. 12 , we can account for this interaction in the nonlinear absorption spectrum by using an Elliott-type enhancement factor for the continuum of excitons. However, the high plasma densities present in the active semiconductors require that the Coulomb screening of the excitons must also be taken into account. In the following, a correction to a 2 and n 2 , due to Coulomb interaction, will be estimated using a simple formalism. We use the screened enhancement factor calculated by Banyai and Koch 19 for the continuum of excitons. We then generalize this procedure and, as given in Ref. 12 , apply it to the nonlinear absorption spectrum by multiplying the F 2 functions of each process by the excitonic function U(pm ): 19
where g is a screening parameter related to the quasiFermi levels as given in Ref. 19 and lxl+mx2 l-1 Pm= (16) EexfEg where E ex is the binding energy of the exciton. Applying this enhancement factor to all the processes involved in the transition rate, we can reevaluate a 2 and n 2 • The exciton-enhanced G 2 functioQ obtained using this approximation is shown in Fig. 9 for a typical exciton binding energy of Eex =0.01Eg. Although no appreciable qualitative difference is seen, it is evident that more than a two times enhancement of the transparency value of is predicted. Using the exciton-enhanced G 2 function, we find that the expression in Eq. (13) gives relatively good agreement with the sign and magnitude of the measured n 2 values in Al.,Ga 1 _xAs and In-Ga-As-P diode lasers. Using E 8 =1.5 and n 0 =3.4 for AlxGa 1 _xAs, we obtain n 2 ""' -2X 10-12 cm 2 /W which is in reasonable agreement with the measured value of -5 X 10-12 cm 2 /W reported in Ref. 1 . The experimentally reported values of n 2 in In-Ga-As-P vary from ln 2 1 ""'(2-4)X 10-11 using spectral analysis 4 to n 2 ""' -3 X 10-12 cm 2 /W using a time-division interferometric technique. 2 This large difference may be attributed to difficulties in obtaining accurate effective mode areas for the laser waveguides, as has been pointed out in Ref. 2 . Taking E 8 ""'0. 83 eV for In-Ga-As-P, we use the E 8 -4 scaling law in Eq. (13) to obtain n 2 ""' -2X 10-11 cm 2 /W, assuming the same G 2 value as in AlxGa 1 _xAs. But considering the dependence of G 2 on T !E 8 and 1 !T 2 Eg, as given by Fig. 8 , we expect the band-gap scaling to be weaker than E 8 -4 if we assume that the temperature T and dephasing time T 2 are un-changed. From Fig. 8 we see that by lowering E 8 by a factor of 2, but keeping T and T 2 constant, a nearly fourfold decrease in the value of G 2 at transparency is estimated. This assumption leads us to estimate n2 ""'-5 X 10-12 for In-Ga-As-P at room temperature. This is well within the range of experimentally reported values. 2 • 4 In conclusion, we have obtained a simple expression that gives the dispersion and band-gap scaling of the ultrafast n 2 in semiconductor lasers near their transparency point. We have accounted for the effects of two-photon absorption, electronic Raman, and optical Stark shift, including a self-adjustment of the quasi-Fermi levels.
